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Basic Definitions
Integer Partition
Definition and Recent Work

Different Kinds of Partition

(integer) partition: write n € N™ as sum of positive integers
partition number p(n)
4=4,4=3+1,4=2+2,4=2+1+1,4=1+1+1+1
p(4)=5

VB
p(n) ~ 4nv3

also upper/lower bounds for summands
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Basic Definitions
Integer Partition
Definition and Recent Work

Different Kinds of Partition

k
@ ordered partition (composition): write n as n = 3 _ i; with
j=1
j € Nypforl <j<Kk

@ composition number g(k, n)
©4=1+4+3,4=2+2,4=3+1
@ g(2,4)=3

® g(k,n) = ({_7)
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Basic Definitions
Integer Partition
Definition and Recent Work

Ordered Integer Partition with Upper Bounds

Definition
Given a sequence | = (i, i, ...,in) € N, and a number
z € Z. Asequence Z = (21,2y,...,2y) € Nj is called an
ordered integer partition with upper bounds of z wrt. | (or
‘partition’ for short) if
n
) Zxy =z and
k=1

@ 0<z<igforl <k <n.
#(1,z) denotes the number of partitions of z wrt. I.
| is called upper bounds, z the target value.

Task: given | and z, compute #(1,z)

Roland Gliick, Dominik Képpl, Glinther Wirsching Ordered Integer Partition with Upper Bounds



Basic Definitions
Integer Partition
Definition and Recent Work

Recent Work

@ problem arises in context of database preferences
(Preference SQL) [Kiel3ling, Endres, Preisinger et al.]

@ combinatorial formulation: distribution of z balls into n urns
with capacities iy, iy, .. ., in
@ considered by Wirsching for n — oo
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Example

4=4+0
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Example

4=4+0
4=3+1
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Integer Partition
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Example

4=4+0

YY) 4=3+1
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Example

4=4+0
4=3+1
4=2+2
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Basic Definitions

Integer Partition
Definition and Recent Work

Example

4=4+0
0000 4=3+1 #((4,2),4) =3
4=2+42
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Simple Properties

, 1 ifo<z<i;
° 1),Z) = .
#((11).2) 0 otherwise

@ #(l,z)=0ifz <0
@ #((i1,ip,...,in),z)=0ifz > i ik =1
k=1

Roland Gliick, Dominik K& unther Wirsching Ordered Integer Partition with Upper Bounds



Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Symmetry Property

I
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First Algorithm

Symmetry Property

i1 in 13 is in
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First Algorithm

Symmetry Property

i1
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Symmetry Property

Z; + Z2 + Z3 4+ Z4 + e+ + Zn = Z
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Symmetry Property

i1—21+i2—22+i3—23+i4—24+"' Jrin—Zn: Z|*Z

Z; + Z2 + Z3 4+ Z4 + e+ + Zn = Z

> < b4

x >4 X b <
\ 4 \ \ o« o . ]
11 Io i3 is in
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Symmetry Property

@ bijection between partitions of z and > || — z
@ hence #(1,z) = #(1,>_1 — 2)

@ symmetry of #(l,z) wrt. %
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First Algorithm

Splitting Property

|n1+1 |n1+2 in
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First Algorithm

Splitting Property

|n1+1 |n1+2 in
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Splitting Property

1 2

U #((il,...,inl),Z,)
- » .« e

|n1+1 |n1+2 in
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Splitting Property

1 2

#((ila"'ainl)azl) e
u z-7)
|1 |2 inl in1+1 in1+2 in

H=
—~~
—
>
fiy

+
e
=
~
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Splitting Property
#((i1, - in,),2") - #((iny 11, - - 50n), 2 — 2')

1 2

i
|
z/ i zZ+1 z-1 z
|
|
#((ila"'ainl)’zl) : #((in1+17"'7in)7
: z-17')
| a i
i1 in T iny : ing+1 ing 42 T in
|
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Splitting Property

@ 0 <7z <z, sowe have:

Theorem
#Z((il, ceyin),2) =
> #((i1,- - 5ing), 2") - #((ny 41, - - - i), 2 — Z'), in particular

z'=0

#((i1,--50n),2) = > #((in, - +in-1),2") - #((in), 2 = 2')
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Naive Algorithm

shortecut for #((i1,i2),z) in O(1) leads to:

int part_num(upper_bounds I, int z){
if(]1| <=2) {return #(I, z);}
if(z> %) {z= X1 - z;}
split | iznto 1 and | 2;

return > part_nun(l1,z")-part_num(l2,z-2");
z' =0
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Basic Properties and Naive Algorithm Properties of Ordered Integer Partition with Upper Bounds
First Algorithm

Naive Algorithm

shortecut for #((i1,i2),z) in O(1) leads to:

int part_num(upper_bounds I, int z){
if(]1| <=2) {return #(I, z);}
if(z> %) {z= X1 - z;}
split I into 1 and I2;
z
return > part_nun(l1,z")-part_num(l2,z-2");
z' =0

}

simple but unsatisfactory
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Idea of the New Algorithm
Example Execution

New Algorithm Generalisation

Towards a New Algorithm

@ recall
#((ila ceey in)7 Z) = Z #((|17 v 7in—l)7 Zl) : #((In)7 Z— Z/)

@ using properties of #((in), X) and index shifts lead to

z
#((ila"'ain)7z) — Z #((i17°°°7in—1)72,)
z2'=7—in
@ summing up of i, + 1 consecutive values of
f(x) = #((i1,...,Ih=1),X)
@ illustrating example: | = (30,50, 10)
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

ifz<O
if0 <z <30
if z > 30

Roland Gliick, Dominik

unther Wirsching ered Integer Partiti
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

#((30,50),2)?
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

z<0 #((30,50),2) = i #((30),2') =

z

ST 0=0

z'=z-50
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

052530 #(30.50.2)= 3 #(30).2) =

-1 z
> 0+ > 1=z+1
z'=z-50 z'=0
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

3L<z<49  #((30,50),z)= > #((30).2') =
z2'=z-50

-1 30 z
S 04+ > 1+ > 0=31
z'=z-50 z'=0 z'=31
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

S0<z<80  #(30.50).2)= 3 #(30).2) =

30 z
S 14 > 0=81-z2
z'=z-50 z'=31

N
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

z>81 #((30,50),2) =0
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

z #((30,50), z)
—co<z<-1 0
0<z<30 z+1
31<z<49 31
50<z <80 81—z
8l<z< o 0

piecewise defined polynomials of degree at most 1
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Idea of the New Algorithm
Example Execution

New Algorithm Generalisation

#((30,50,10),z) =7
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

2<0 #((30,50,10),2) = > #((30,50),2") =

z'=z-10
z
S 0=0
z'=z-10
— ....ol ',....
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

z
#((30,50,10),z) = Y. #((30,50),z') =
1 z'=z-10
SO0+ Y (@Z+1)=5+%+1
z'=z-10 z'=0

k
o k(k+1
(recall _Zol = %)
o ., i=
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

10 <z < 30 #((30,50,10),2) = 3 #((30,50),2') =

z'=z-10
z
o (Z7+1)=11z - 44
z'=z-10
— ... .o.-’ 'o......
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New Algorithm

Idea of the New Algorithm
Example Execution
Generalisation

z #((30,50,10),2)
—co<z<-1 0
0<z<9 Z %1
10<z <30 11z — 44
31<z<40 ——+81Z 479
41 <z < 49 341
50<z <59 | -2 + 9% _gg4
60 <z <80 —1lz+946
81<z<90 | % — 18244186
91 <z < 0

Roland Gliick, Dominik Képpl, Glinther Wirsching

piecewise defined polynomials of degree at most 2
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

@ idea: compute #((i1,...,ik),z) as piecewise defined
polynomials from #((iy,...,ik-1),2)

@ computation of the new validity intervals: easy

@ computation of the new polynomials:

° |ntheexampIeV|a21_k+1and Z| — 1042)
° for hlgher degrees V|a Faulhaber’s formula

B
o SiP = 3 (B)Frinc

° Bm denotes m-th Bernoulli number (efficiently computable)
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

@ eventually ((iy,.-.,in),2) is given as piecewise defined
polynomials of degree at mostn — 1

@ for concrete value of z find the associated polynomial by
binary search and evaluate it

@ bitter pill: number of validity intervals can be exponential in
the number of upper bounds

@ bounded by 2" + 1

-1
@ bound is tightifij > > ik
k=1
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Idea of the New Algorithm
Example Execution
Generalisation

New Algorithm

Given a fixed sequence | = (iy, iz, ..., in) Of n positive integer
numbers there is a data structure which can be constructed in
0(2"n%) time and can be used to determine the value #(1,z)
for every z € Z in O(n) time.
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Outlook

Experimental Results and Outlook

@ in practical applications:
@ size of upper bound around 10000
@ number of upper bounds up to 10
@ in particular interested in #(l, %)
@ implemented in C++ using GVP-library for big number
arithmetic
@ run on one core of Intel(R) Xeon(R) CPU E5540 clocked at
2.53GHz

@ http://developer.berlios.de/projects/intpartition/
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Experimental Results
Outlook

Experimental Results and Outlook

I,z new naive
algorithm | algorithm
(10%,10%,10%, 10%,10%),1 54 ms 4 ms
(10%,10%,10%, 10%,10%), 300 53 ms 302 ms
(104,10% 10%,10%,10%),2.5 - 10* 57ms | 11 min()
(10993, 10520, 10856, 10346, 10039), 1 70 ms 4 ms
(10993, 10520, 10856, 10346, 10039), 26377 68 ms | 13 min(!)
(33,29,42,34,59,76,54,33),180 345 ms 78 ms
(10000, 10005, 10010, 10015,
10021, 10027, 10039, 10063), 40090 458 ms >1h
(10000, 10000, 10000, 10000, 10000,
10000, 10000, 10000, 10000, 10000), 50000 74 ms >1h
(10993, 10520, 10856, 10346, 10039,
10644, 10005, 10941, 10718, 10305), 52683 4,5 s(1) >1h
(12184, 12324, 14685,11098, 13357, 13863,
10796, 10914, 10989, 11115, 10937), 66131 17 s() >1h
(12184, 12324, 14685, 11098, 13357, 13863,
10796,10914,10989, 11115, 10937,13634),72948.| 86 s(!) > Lh
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Experimental Results and Outlook

Optimisation

avoid superfluous computations for the single shot problem
exploit symmetry property
parallelisation

use fast convolution algorithms for splitting property

#Z((il,...,in),z) =
;0#(01, coosing), ') - #((ny 41, - - -5 0n), 2 — 27)
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Experimental Results and Outlook

Questions?

I u

Roland Gliick, Dominik
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