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Stochastic Games

Definition

Definition

A stochastic game is a graph G = (V, E) with
@ V = VmaxUVminUVgice U{sinkg }U{sink; }
@ YW e V,v ¢ {sinkp, sink; } : degout(v) € {1,2}
@ degout(Sinkg) = degout(sink;) =0
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Stochastic Games

@ token placed on a start node and moved along edges
@ on min(max)-node, min(max)-player chooses one edge
@ on dice-nodes one edge is chosen arbitrarily

@ games ends if tokens reaches sink-node

@ at sinkg (sink;) min(max)-player wins
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Stochastic Games

Example Game
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Stochastic Games

Strategy

@ max-strategy o: 0 C Vimax X V : W € Vimayx 1 degg(v) =1
@ min-strategy 7: 7 C Vimin X V : W € Vpin - degj (V) =1
@ pair (o, 7) corresponds to Markov process

@ val, -(v) = P(max-player wins under strategies o and ©
if game starts in node v)

@ refinement of given graph
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Stochastic Games

Example Game

o = {(max,min)}, 7 = {(min, dice)}
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Stochastic Games

Example Game

val, - (sinkg) =0

o = {(max,min)}, 7 = {(min, dice)}
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Stochastic Games

Example Game

val, - (sinkg) =0

val, -(sink;) =1

o = {(max,min)}, 7 = {(min, dice)}
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Stochastic Games

Example Game

val, - (sinkg) =0
val, -(sink;) =1

val, ,(dice) = 0.5

o = {(max,min)}, 7 = {(min, dice)}

Roland Glick Using Bisimulations in Analysis of Stochastic Games



Stochastic Games

Example Game

val, - (sinkg) =0
val, -(sink;) =1
val, ,(dice) = 0.5
val, r(max) = 0.5

val, -(min) = 0.5

o = {(max,min)}, 7 = {(min, dice)}
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Stochastic Games

optimal value

given ¢ and 7, val can be computed easily(and is unique)
valgpt (V) = max,min,valy ,(v)
max,min,val, -(v) = min,max,val, -(v)

computation of optimal value is in NP N coNP (as decision
problem)

key idea: optimality of given strategy can be checked easily
no provably polynomial algorithm known
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Bisimulations

Definition

B C V; x V3 is a bisimulation between two graphs (Vq, E;) and
(V2, Ep) iff

@ Dom(B) = X; and Cod(B) = X5

@ v1Bvo AViEjWy = dwy t wiBwy A Vo Eows

@ VoBYvy AVvoEow, = dwy t woBYwy AViEiwq
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Bisimulations

Coarsest Bisimulation

@ bisimulations between G and itself are closed under
@ union,
@ composition, and
@ taking the converse

@ identity is a bisimulation between G and itself
@ existence of a coarsest bisimulation equivalence on G
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Bisimulations

Compatible Bisimulations

@ bisimulation equivalence B respects partition V = Uielvi if
every V; is the union of suitable equivalence classes of B

@ for every partition of V exists a coarsest respecting
bisimulation equivalence

@ here main interest in bisimulation equivalences respecting
{Vmax ) Vmim VdiC87 {Sink0}7 {Sinkl}}
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Bisimulations

Quotient Graph

@ for a bisimulation equivalence B and a graph G = (V,E)
the quotient G/B = (V /B, E/B) is defined by
@ V/B is the set of equivalence classes of B
o (v/B,w/B)eE/B<3Iv ev/Bw ew/B: (v ,w')eE
@ G/B has in general a smaller node set then G
@ coarsest quotient respecting (V)i induced by coarsest
bisimulation respecting (V)i
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Bisimulations

Example Quotient
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Synthesis

@ idea: compute val-function and optimal strategy on the
guotient and expand solution
@ missing: expansion operation
@ solution: for a subgraph (G/B) = (V/B,(E/B)’) of G/B
define the expansion (G/B)"\B = (V',E’) by
oV =V
@ (v1,v2) € E' & (v1,Vv2) € E A (v1/B,v,/B) € (E/B)
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Synthesis

Optimal Quotient Strategy
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Synthesis

Optimal Strategy
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Conclusion and Outlook

Conclusion

@ computation of the coarsest quotient takes polynomial time

@ even diminution by one node can lead to significant
runtime speed up

@ application to other game classes
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Conclusion and Outlook

Conjecture

@ val can be computed by solving linear equation x = AX + b
(for given strategies)

@ bisimulation approach works also for optimality problems
corresponding to Bellman equation

@ both compatible with bisimulations
@ deeper connection?
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