Some Properties of Atomic Lattices

Roland Gliick

Deutsches Zentrum fiir Luft- und Raumfahrt,
D-86159 Augsburg, Germany

Abstract. In this short paper we prove some elementary properties of
atomic lattices which are useful for reasoning in this area. Indeed, the
proves are not very difficult but it may serve as a kind of formulary for
atomic lattices. The document is intended to be updated from time to time.

1 Full Atomic Lattices

First we define a complete Boolean algebra asa structure M = (M, S, | |,[ 1,1, T,")
(see [1,2] for details) where (M, C) is an ordered set with least and greatest el-
ements L and T, resp., | | and [ ] are supremum and infimum with respect to
C, supremum distributes over arbitrary infima and vice versa, and ~ is the com-
plement satisfying the de Morgan’s laws | | M’ = [|{m’|m’ € M’} and [ M’ =
| |{m’|m’ € M’} for all M’ C M. U and M serve as abbreviations for binary supre-
mum and infimum, resp. We define the symbols 3, C, Z and Zby m I n <y

nEmmecn &y mEnAm#nmin ©p -mEnandm An Sy —m I n.

An element m € M is called non-bottom if m # L. In this setting we make the
following definition:

Definition 1.1. Let M = (M,C, | |,[], L, T,") be a complete Boolean algebra. A non-
bottom element m® € M is called atomic if for all non-bottom m € M the implication
m E m* = m = m* holds. The set of all atomic elements of M is denoted by atom(M).
Mis a full atomic lattice if m = | | {m”" € atom(M) | m” & m} holds for all m € M.

As a convention, we will denote atomic elements always with a superscript

In a full atomic lattice the following properties hold:

Lemma1.2. Let M = (M,C,||,[],L,T,7) be a full atomic lattice, and consider
arbitrary atoms m®,n® € atom(M), arbitrary m,n € M and an arbitrary M’ € M.
Then the following properties hold:
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Proof.
1: “ = ”: We have m" M 'm E m” by definition of M, and because m* 1M m is non-
bottom by assumption we have m® M m = m® due to atomicity of m".

“ «”:m" is atomic and hence non-bottom, so the claim follows immediately.
2: “ = ”: Assume that m* Mn® = L and m* = n hold. Then we have m* =
m® Mm® = L, contradicting the atomicity of m"“.

“ & Assume that m” # n* and m* Mn" = m’ # 1 hold. Then we have w.l.o.g.
m’ # m® and m’ C m® which contradicts the atomicity of m* due tom’ C L.
3: By lattice theory, we have m* & m & m® Mm = m*, so the claim is an easy
consequence of Part 1.
4: Assume m" Mm = m’ with L # m’ # m". Then we have L C m’ C m" which
contradicts the atomicity of m".
5: “ = ”: By lattice theory, the left side is equivalent to m* M | |[M’ = m", and
by distributivity equivalent to | |[{m" M m’|m’ € M’}. Part 4 shows that every
infimum m“ M m’ equals L or m?, however, due to m” C L there has to be an
m’ € M’ with m* M'm’ = m”, implying the claim.

“ & ”: This direction is obvious by elementary lattice theory.
6: First we calculate as follows:

| {m®|m" e M’y U | |{m®|m® ¢ M’} = { lattice theory }
LI({m®|m* € M’} U {m® |m" ¢ M'}) = { set theory }
| |M = { lattice theory }
T
On the other hand, we have the following:

| {m®|m" e M’y | |{m® |m® ¢ M’} = { distributivity }
LH{m] nm3 |m] e M',m ¢ M'} = {m] #mj, Part 2 }
L {L} = { obvious }
1

This shows that | |{#fz| 1 ¢ M’} fulfills the requirements of M.

7: This is an immediate consequence of Parts 5 and 6.

8: From n E m we conclude m =mUn and hence m = (mUn)M(nUn) = (mMn)Un,
so the claim follows from Part 5.

9: Clearly we have m LU n* J m so we have only to rule out equality, so let us
assume that mLn? = mholds. Then we have mMn = (mUn®)Mn = (mMn)U(nrn®) =
n” by assumption, distributivity, lattice theory and Part 4. However, m Mn = n*
contradicts the premise m Mn = L by atomicity of n”.

10: Assume that for all atomic o with o C m also the inequality o’ E 7 holds.
Then we have m C n by atomicity of M and lattice theory which contradicts the
initial assumption. ]
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